Molecular hydrogen ions are of metrological relevance due to the possibility of precise theoretical evaluation of their spectrum and of external-field-induced shifts. We report the results of the calculations of the rate of laser-induced electric quadrupole transitions between a large set of rovibrational states of H + 2 . The hyperfine and Zeeman structure of the E2 transition spectrum and the effects of the laser polarization are treated in detail. We also present the nuclear spin-electron spin coupling constants, computed with a precision 10 times higher than previously.
I. INTRODUCTION
Molecular hydrogen ions (MHI) are three-body systems that give the possibility of precise theoretical evaluation of their spectrum, transitions, and external effect shifts [1] , [2] . Properly selected transitions exhibit weak sensitivity to external fields. This feature makes them excellent candidates for frequency standards with potential uncertainties at the 10 −17 fractional level [3, 4] . Current and future results from precision spectroscopy of MHI, combined with the theroretical prediction of transition frequencies, also allows determining several fundamental constants of atomic physics, such as particle mass ratios and the Rydberg constant [5, 6] .
The spectroscopy of electric quadrupole transitions in homonuclear molecules has been the subject of many investigations, recently in trapped and sympathetically cooled molecular ions (see, e.g. [7] and references therein.) The first theoretical study on the electric quadrupole ro-vibrational transitions of H + 2 was published by by Bates and Poots in 1953 [8] using the two-centre approximation for the wavefunction. Posen et al. [9] have computed the spontaneous emission rates for all ro-vibrational transitions in H + 2 , without inclusion of hyperfine structure. More accurate calculations of the E2 transition amplitudes in H + 2 were performed by Pilon and Baye [10] and Karr [11] . In [11] , however, the hyperfine structure of the E2 transition line had not been considered quantitatively except for the particular case of stretched states.
Recently we [4] and Karr [11] (see also Ref. [3] ) have pointed out that the electric quadrupole spectroscopy of H + 2 sympathetically cooled by beryllium ions has outstanding potential for achieving ultra-high precision. In this context, in [13] an approach was proposed for quantum state preparation of H + 2 , which involves laser-driven electric quadrupole transitions.
The strengths of hyperfine-resolved quadrupole transitions for diatomic molecules have recently been discussed by Germann and Willitsch [12] . Specifically, they considered Hund ′ s case (b), and derived for this particular case general expressions for the line strength in zero-th order of perturbation theory in the spin interactions, without taking into account the dependence on laser polarization.
In this work, we present a complete treatment of the electric quadrupole transitions of H + 2 , including both the spin (hyperfine) structure and the effects of magnetic field and laser polarization. In comparison with the preceding results, we have considered transitions between higher excited states with vibration quantum number up to v = 10.
In the following, we derive the explicit expressions for the interaction of a monochromatic wave with the H + 2 ion in an arbitrary quantum state, starting with the basics in Sec. II A. The hyperfine structure of the levels of H + 2 is introduced in Sec. II B, followed by the computation of the energies of the spin states. A high accuracy was made possible by an improved computation of the spin-spin coupling coefficients. A detailed treatment of the transition strengths of the spin components of a given ro-vibrational transition is worked out in Sec. II C. We pay particular attention to making our results easily comparable with previous work. Sec. III is devoted to the discussion of some examples that are believed to be of relevance for near-future precision spectroscopic studies.
II. THEORY A. Interaction with an external electromagnetic field
In the center-of-mass frame, the non-relativistic Hamiltonian of H + 2 is: 
where R 1,2 , R e and P 1,2 , P e are the position and momentum operators of the two protons and the electron, respectively, r 1 = R e −R 1 , r 2 = R e −R 2 , r 12 = R 1 − R 2 , and m p , m e are the masses of the proton and the electron.
The interaction Hamiltonian of a system of particles with an external electromagnetic field is [14] :
In Eq. (2) we have kept only the linear terms in the vector potential A(R, t); e is the magnitude of the electron charge, the summation runs over all three constituents of H + 2 α = p 1 , p 2 , e − , and Z α is the charge of particle α in units of e. For a plane wave with general polarization the electromagnetic vector potential is:
A(R, t) = A 0 e i(k·R−ωt) + A * 0 e
−i(k·R−ωt)
and corresponds to electric field E(R, t) = E 0 e i(k·R−ωt) + E * 0 e −i(k·R−ωt) , E 0 = iωA 0 .
A 0 is a complex vector satisfying A 0 · k = 0. In the long wavelength approximation, we expand the exponent e ±i(k·Rα) in (2) and keep only the term responsible for the electric quadrupole transitions:
By rearranging the terms we rewrite the above expression as a sum of products of symmetric or anti-symmetric tensors. The product of antisymmetric tensor gives rise to magnetic dipole transitions and will not be considered here. The remaining terms are put in the form [14] :
Here T (2) ij (t) = 1 2 (k i E j (0, t)+k j E i (0, t)) is the symmetric part of the tensor product of the electric field at the center-ofmass of the system, E(0, t), and of the wave vector, k. We shall also make use of the dimensionless, time-independent and complex tensor
wherek andǫ are unit vectors along k and E 0 : k = kk = (ω/c)k, E 0 = |E 0 |ǫ. The relation of T (2) ij (t) to T ij reads:
ij (t) = k|E 0 | T ij e −iωt + T * ij e iωt .
B. H The calculations in this work are done in the total angular momentum representation with the following coupling scheme of angular momentum operators:
I 1,2 and s e are the spin operators of the two protons and electron, respectively, L is the total orbital momentum, and J is the total angular momentum. The H + 2 molecular ion has a simple hyperfine structure. As a homonuclear molecule with fermionic nuclei, its state vectors are antisymmetrical with respect to the exchange of the protons. This property gives rise to a restriction on the total nuclear spin, (−1)
L , (for the ground electronic state 1sσ g ), which therefore becomes an exact quantum number [25] . The other exact quantum numbers are J and the z-axis projection J z . Although F is not conserved, it can be used as a label of the hyperfine states since the mixing in F is small (see the table in the  Supplemental material [? ] ). The states with odd orbital quantum number L are split into six hyperfine components:
, and for even L -into two components: (F, J) = (1/2, L ± 1/2). Exceptions are the L = 0 state with a single component (F, J) = (1/2, L+1/2), and L = 1, which has five components:
The hyperfine energies E [15, 16] ,
The state-dependent coefficients b f , c e , c I , d 1 , and d 2 are calculated numerically. In this paper we use the recently updated values of b f , in which the contributions of order O(mα 6 ), amounting to 10 −4 fractionally, have been accounted for. For the remaining coefficients we use the values calculated in [15] . The magnitude of the coefficient b f dominates over the others, which justifies the choice of angular momentum coupling given in Eq. (8) rather than Hund's case (b). H eff is an operator acting in the space of spin variables and total orbital angular momentum L, which is spanned by the basis vectors
Here
, and similar for the individual particle spin operators and eigenvectors. In first order of perturbation theory the hyperfine state vectors, |(vL)F JJ z , are expressed as linear combinations of the basis vectors LIF JJ z :
where
are the eigenvectors of the matrix of H eff in the basis set (10) , and the values of F ′ satisfy the inequalities max(|I − 1/2|, |J − L|) ≤ F ′ ≤ min(I + 1/2, J + L) . In absence of external fields, the energy levels are degenerate in J z . The non-zero components of β
can be parameterized as follows: for odd
The energies E hfs (vL)F J , the mixing angles φ ± between spin basis states, and the coefficients b f are given in Table I for vibrational and rotational quantum numbers in the range 0 ≤ v ≤ 4 and 0 ≤ L ≤ 8. The small values of the mixing angles confirm the appropriateness of the coupling scheme of (8) for the classification of the hyperfine structure of the ro-vibrational spectrum of H + 2 and justify the use -in lower accuracy estimates -of the zero-th order approximation for the hyperfine state vectors, which reads: Using Eqs. (5) and (7), the E2 transition matrix element between initial |i = (vL)F JJ z and
can be put in a form that exhibits the dependence on time:
Here 
and
ij denotes the scalar product of the tensors. The cyclic components Q
q and T (2)q (t),
0 = Q zz and similar for T (2)0 (cf. [11, 19] ). In terms of the cyclic components the scalar product is expresses as
q . Some authors use alternative normalization conventions (e.g. [17] and [18] ); the current convention was selected to ease comparison with the numerical results of [10] and [11] . In these notations the Rabi frequency of the
Next, using Eq. (11), for the time-independent matrix elements of T · Q (2) we have
With the Wigner-Eckart theorem the matrix elements of Q (2) in the basis set (10) are expressed in terms of the non-relativistic reduced matrix elements
z in the time interval 0 ≤ t ≤ T, ωT ≫ 1, stimulated by the external electromagnetic field E oscillating with frequency ω, is [14] :
where ω if = (E f − E i )/ is the transition angular frequency with account of the hyperfine, Zeeman etc. corrections to ω NR , and the following δ-like function is used:
The rate W if of the transition is defined as the probability per unit time over a sufficiently long time interval:
We shall put the expression of W if in a form that accounts for the characteristics of the laser source and the transition line profile, and distinctly exhibits the hyperfine and Zeeman structure of the spectrum. To this end we relate the amplitude E 0 of the electric field to the spectral density of the laser energy flux I(ω): I(ω) = (ε 0 c/2) (d|E 0 | 2 /dω), normalized to the laser intensity I 0 by dω I(ω) = I 0 . We also denote by g if (ω) the transition line spectral profile (determined by Doppler broadening or else), with normalization dω g if (ω) = 1. By combining Eqs. (13)- (17), in the limits of large T , the expression for W if is cast in the following factorized form:
The first factor,
, is the rate of stimulated E2 transitions in H + 2 in the non-relativistic (spinless) approximation, averaged over the initial and summed over the final angular momentum projections
The factor
is the relative intensity of the individual hyperfine components
For simplicity of the notations we shall omit v, L, v ′ , L ′ wherever possible:
normalized by the condition 
does not describe the "weak" hyperfine components of the transition lines. Finally, W pol (J expressed in terms of Clebsch-Gordan coefficients and the tensor T defined in Eq. (6), and satisfying
To avoid any ambiguity, we list the general expressions of T (2)q in terms of the Cartesian components ofk andǫ:
The relevance of each of the three factors in Eq. (18) is discussed below.
III. NUMERICAL RESULTS AND DISCUSSION
A. E2 transition rates in the approximation of spin-less particles [10] , and of the reduced matrix elements v ′ L ′ ||Q (2) ||vL of Karr [11] is made in a few illustrative cases considered by those authors. The notation The computational challenge in the present paper was the evaluation of the reduced matrix elements of the electric quadrupole moment of H + 2 in Eq. (19) . The values of v ′ L ′ ||Q (2) ||vL were calculated with the variational wave functions obtained in the approach of [20] .
Some authors present the rates of transitions in terms of the Einstein coefficients A rather than W if , related to the reduced matrix elements by [10] A f i /t
where a 0 , t 0 = a 0 /αc, and E 0 = 2Ry are the atomic units of length (i.e. the Bohr radius), time and energy. The numerical results, including the non-relativistic E2 transition energies, the values of the reduced matrix elements and of Einstein's coefficients for all E2 transitions between states with vibrational quantum number 0 ≤ v ≤ 10, |v ′ − v| ≤ 6, and total orbital momentum 0 ≤ L ≤ 6 are given in the Table of the supplemental material [23] . The considered transitions belong to the near and mid infrared spectral range; they are to some extent complementary to the set of states considered in previous works [10, 11] and include, among other, higher vibration excitations. The results are intended to help select transitions of appropriate wave length and intensity and plan the future experiments on E2 spectroscopy of H + 2 . Table II illustrates on a few examples the agreement between the numerical values of the reduced matrix elements of the H + 2 electric quadrupole moment calculated in [10, 11] and in the present work. In the overlapping cases the numerical results agree within the claimed precision of six digits with exceptions that should be attributed to the different ways of rounding.
B. Hyperfine structure of the E2 transition spectrum
The non-relativistic picture, in which the E2 transition spectral lines are labeled with the quantum numbers (v, L), (v ′ , L ′ ) of the initial and final states of H + 2 , is applicable only if the spectroscopic resolution is ≃ 1 GHz or worse. Under higher resolution, the line will evidence splitting into a set of hyperfine components spread over an interval of the order of 1 GHz around the non-relativistic transition frequency ω NR (see Fig. 1 ). Transitions having ∆F ≡ F ′ − F = ±1 are strongly suppressed compared with transitions with ∆F = 0; the latter are spread over a much narrower frequency interval of the order of 100 MHz. In the assumption of a flat laser spectral profile I(ω) the sum of the transition rates (also referred to as line intensities) of all the hyperfine lines equals the non-relativistic intensity
. The relative intensity of the hyperfine components is given by the factor W hfs if in Eqs. (18, 20) . 
, in MHz, and relative intensities W hfs (F J ′ ; F J) of the "strong" components (F ′ = F ) in the hyperfine structure of selected E2 transitions in H + 2 . The transitions marked in bold have been identified in Refs. [3, 4] as being of particular interest in precision spectroscopy. If the Zeeman structure is not resolved, for example if the magnetic field strength is small, Doppler broadening is large, and the J z -states are equally populated, the spectrum is independent of the polarization state of the driving laser field, as expressed by Eq. 24. Very-high (sub-MHz) resolution spectroscopy of hydrogen molecular ions could further distinguish the individual Zeeman-split components of the E2 transition lines. In that case, the polarization state of the driving laser field becomes relevant, through the factor
. The Zeeman structure of one E2 transition is illustrated in Fig. 2 . The small number of hyperfine and Zeeman components of E2 transitions from or to L = 0
In presence of external magnetic field the (
hyperfine transition line (circled in the upper panel) is split into 8 Zeeman components (lower panel) whose intensities, according to Eqs. (18), (23), depend strongly on geometry and on the polarization of the laser radiation. For details, see also Table IV.   TABLE IV states makes them particularly appropriate for precision spectroscopy. The linear and quadratic Zeeman shifts have been calculated precisely and shown to be of the order of 1 kHz in a field of 1 Gauss for selected transitions [4, 21] . The relative intensities of the Zeeman components are described with the factor W pol (J z , J ′ z ) in Eqs. (18),(23) and strongly depend on geometry and the polarization of the incident electromagnetic radiation. To investigate this dependence we parameterize the complex unit vectorǫ = E 0 /|E 0 | pointing along the electric field amplitude E 0 in the following way. We denote by K the lab reference frame with z-axis along the external magnetic field B, by K ′ a reference frame with z-axis alongk, and take the cartesian coordinates (ǫ
′ to be (cos θ, sin θ e iϕ , 0). Linear polarization of the incident light is described by ϕ = 0; circular polarization -by ϕ = ±π/2, θ = π/4; all other combinations correspond to general elliptic polarization. Let (α, β, γ) be the Euler angles of the rotation
(To avoid mismatch of M with M −1 , note that, e.g. M xz = − sin β cos γ.) In this way, the absolute values of the components of T in the lab frame K, appearing in Eq. (23) are expressed in closed form in terms of the four angles α, β, θ, and ϕ (the dependence on γ being cancelled). Since the general expressions are rather lengthy, we restrict ourselves here to the cases of main interest for the experiment. We have: (a) ϕ = 0 for linear polarization
For right circular polarization (r.c.p.), described by θ = π/4, ϕ = −π/2, the values of | T (2)q | 2 are obtained from the above expressions with the substitution
It is worth stressing that the Eqs. (18)- (23) are valid for arbitrary angle β between the magnetic field and the laser propagation direction.
IV. CONCLUSION
We derived the E2 transition spectrum of H + 2 , including the first systematic consideration of the transition strength and of the effects of the laser polarization. The matrix elements of the electric quadrupole transition moment, needed for the evaluation of the laser-driven transition rates, have been calculated in a broad spectral range for a very large number of transitions, using the most advanced computational methods. The numerical results agree with the results of Refs. [10] and [11] wherever comparison is possible.
The results can be used in planning future experiments and in interpreting the spectroscopy data. The most basic application of the results presented here is to estimate the laser intensity necessary to achieve a desired transition rate.
The treatment we have given is applicable both to the situation when Doppler broadening is present and absent. When it is present, then the individual hyperfine components and Zeeman components may not be resolved. Several components will contribute to the spectroscopic signal even if the laser radiation is perfectly monochromatic. The formula for the strengths of the individual components given here allows for producing a model of the Dopplerbroadened line profile which can be used in fitting the experimental signal. As the spectroscopy of MHI will develop into the Doppler-free regime (Lamb-Dicke regime), the concept of Rabi frequency will become more relevant. This can also easily be computed with the expressions given here.
The presented approach is applicable for any relative size of the hyperfine coefficients and mixing angles φ. Thus, it can also be used for molecules, in which the coupling between electron spin and rotation (described by the coefficient c e ) is the strongest, opposite to the case in H + 2 . An important example which is drawing substantial attention in connection with spectroscopy in ion traps, is N + 2 [7, 24] . Our treatment here is appropriate for the "fermionic" [25] Note that for homonuclear molecules with bosonic nuclei these features are modified; for D + 2 , in particular, the total nuclear spin I is no longer an exact quantum number, and mixing of states with I = 0 and I = 2 will take place in the expansion, analogous of Eq. (11) 
